Abstract. The notion of generalized derivations of a BCI-algebra is introduced, and some related properties are investigated. Also, the concept of a torsion free BCI-algebra is introduced and some properties are discussed.
Introduction
Several authors have studied derivations in rings and near rings after Posner [9] have given the definition of the derivation in ring theory. Bresar [2] introduced the generalized derivation in rings and then many mathematicians studied on this concept. Jun and Xin firstly discussed derivations in BCI-algebras [5] . As a continuation of the paper [5] , in this paper, we introduce the concept of generalized derivations in BCIalgebras and torsion BCI-algebras, and investigate several properties.
preliminaries
A nonempty set X with a constant 0 and a binary operation denoted by juxtaposition is called a BCI-algebra if it satisfies the following conditions:
(I) ((xy)(xz))(zy) = 0, (II) (x(xy))y = 0, (III) xx = 0, (IV) xy = 0 and yx = 0 imply x = y for all x, y, z ∈ X. In any BCI-algebra X one can define a partial ordering "≤ " by putting x ≤ y if and only if xy = 0. A BCI-algebra X satisfying 0 ≤ x for all x ∈ X is called a BCK-algebra. A BCI-algebra X has the following properties for all x, y, z ∈ X,
For a BCI-algebra X, the BCK-part of X, denoted by X + , is defined to be the set of all x ∈ X such that 0 ≤ x, and the BCI-G part of X, denoted by G(X), is defined to be the set of all x ∈ X such that 0x = x. Note that G(X) ∩ X + = {0} (see [3] ). If X + = {0}, then X is called a p-semisimple BCI-algebra. In a p-semisimple BCI-algebra X, the following hold:
Let X be a p-semisimple BCI-algebra. If we define an addition "+" as x + y = x(0y) for all x, y ∈ X, then (X, +) is an abelian group with identity 0 and x − y = xy. Conversely let (X, +) be an abelian group with identity 0 and let xy = x − y. Then X is a p-semisimple BCIalgebra and x + y = x(0y) for all x, y ∈ X (see [7] ). For a BCI-algebra X we denote x ∧ y = y(yx), and L p (X) = {a ∈ X | (∀x ∈ X)(xa = 0 ⇒ x = a)}. We call the elements of L p (X) the p-atoms of X. Note that L p (X) = {x ∈ X | 0(0x) = x} which is the p-semisimple part of X, and X is a p-semisimple BCI-algebra if and only if L p (X) = X (see [4] ). It is clear that G(X) ⊂ L p (X), and x(xa) = a and ax ∈ L p (X) for all a ∈ L p (X) and all x ∈ X. For more details, refer to [1, 6, 8, 10, 11] . 
It is easy to verify that D satisfies the equality D(xy)
Example 3.3. Consider a BCI-algebra X = {0, a, b} with the following Cayley table: 0 a b
It is easy to verify that D is a generalized derivation of X.
Hence we get
This completes the proof.
Proof. (i) Using Proposition 3.4(i), we have
(iii) Let a ∈ L p (X) and x ∈ X. Then we have
(v) follows directly from (iv).
and so D(a) ∈ G(X). Hence (i) is valid. For any a ∈ L p (X) we get
and
, and so
Thus (iv) is true. (v) follows directly from (iii).
Definition 3.7. A BCI-algebra X is said to be torsion free if it satisfies:
By the definition above, we know that if there exists a nonzero element x of a BCI-algebra X such that x + x = 0, then X can not be torsion free. Note also that if a BCI-algebra X satisfies:
then X can not be torsion free. 
Since X is torsion free, it follows that 
Since X is torsion free, we have , (r, l) )-derivation if there exists a regular (l, r) (resp.,
Example 3.14. Let X = {0, 1, 2, 3, 4, 5} be a BCI-algebra described in Example 3.8(3). We give here the ∧-operation on X as follows: 
